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We present an asymptotic study of steady two-dimensional radial flow between
converging plane walls (Jeffery—Hamel flow) when the viscosity x and density p vary
with the angular coordinate 8. Two representative situations are considered, the first
being a two-layer system (in which 4 and p are uniform except for discontinuities
at an interface 6 = 6y), and the other involving a fluid for which x and p vary
continuously with 8. The flow is analysed in the asymptotic limit when a parameter
¢ related to the wall pressure gradient is large; this corresponds to converging flow
at large Reynolds number. Solutions are derived for the boundary layers at the walls
and for the shear layer at the interface; the results are shown to agree well with some
exact (numerical) profiles.

The solutions obtained are not unique, though for given ¢ they represent the
‘simplest’ type of profile, and the one that seems most likely to be stable. We
demonstrate the non-uniqueness by deriving in §3 an alternative solution for the
interfacial shear layer. This solution, however, can exist for only restricted ranges
of values of the density and viscosity ratios, and involves an outgoing jet, suggesting
that it is likely to be unstable.

1. Introduction

Flow systems involving fluids that are stratified in viscosity and density occur
commonly, in industrial contexts, for example. Unfortunately such flows tend to be
very complex, and detailed descriptions are rare. One of the more tractable problems
in this general class was discussed recently by Hooper, Duffy & Moffatt (1982, to be
referred to as I), who considered two-dimensional viscous stratified flow between
plane converging or diverging walls — a generalization of the conventional Jeffery—
Hamel flow (Rosenhead 1940; Fraenkel 1962). This problem is of relevance to the
study of extrusion processes, though in I it developed from a study of stratified flow
in ducts of slowly varying cross-section.

It was shown in I that Jeffery—Hamel (JH) flow can provide an exact solution of
the Navier—Stokes equations even when the density p and viscosity g of the fluid vary
with the angular coordinate 6. The JH similarity assumption reduces the
Navier—Stokes equations to a second-order nonlinear ordinary differential equation
whose coefficients depend upon x(8) and p(f). In particular, x and p may vary
discontinuously with 8; that is, steady radial flow is possible even for a ‘layered’ fluid
(with x and p differing from one layer to another) provided that the interface between
any two layers coincides with a coordinate surface § = constant. At such an interface,
the velocity and shear stress are continuous, as also is the normal stress, since the
interface remains plane, and interfacial tension plays no part.
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In I, two configurations were analysed in some detail, namely the single-fluid case,
and a two-layer case with a jump in viscosity across # = 0, the density being uniform.
In this paper we consider converging flow, at high Reynolds number, when there is
variation of both # and p. Boundary-layer solutions for various situations are
presented, these solutions being in the form of asymptotic expansions in a large
parameter ¢ related to the pressure gradient at the wall.

First, in §2, a two-layer flow is considered in which both the viscosity ratio A and
the density ratio o2 of the two phases are arbitrary. The form of the boundary layer
near each wall and of the shear layer at the interface is derived, and these asymptotic
results are compared with some exact profiles obtained numerically. The type of
solution given in §2 is by no means unique, and in §3 an alternative profile for the
region near the interface is obtained. However, this second type of solution (which,
for given o, can exist for only a restricted range of values of A), involves an outgoing
jet, and is likely to be unstable.

For completeness, we obtain in §4 the boundary-layer expansion for the case when
4 and p vary continuously with 8; if p is not constant, then the outer (inviscid) flow
is rotational. The analysis here requires an assumption that buoyancy effects are
negligible, with variation of density important only insofar as the advective
acceleration of particles is concerned (so that, in particular, p may be constant).

2. General formulation, and two-layer flow

We consider plane radial flow of incompressible viscous fluid between converging
walls, referring the description to a cylindrical polar coordinate system (r, &, z), with
the bounding walls at @ = +a (see figure 1a). We allow the viscosity 4 and density
p of the fluid to vary with 0, and define

e L Sl s _P
#—2aj_alu(0)d0’ p—2aj_ap(0)d6, lu'_/_l’ p—l—)s (2.10)
so that f Ao = |  3(6)do = 2. (2.1b)
Then, with a radial velocity _
u(r, 0y = g—f(—l (2.2)
b p r .
the function f(f) satisfies (see I)
A7+ 47+ 251 = e, 2.3)
and the pressure is n: oo
P P=po+La i) (2.4)

where ¢ is a constant related to the wall pressure gradient. The no-slip boundary
condition at the walls # = + a means that

f(xa)=0, (2.5)

and the Reynolds number based on the overall flux is

R=| fo)ds. (2.6)
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Ficure 1. Jeffery-Hamel flow with angular variation of density and viscosity:
(a) continuous variation; (b) the two-layer flow studied in §§2-3.

We consider first a two-layer flow (figure 1) in which x and p are uniform in each
phase but are discontinuous across § = 6y, with

sy iy o [P (01 <8 <a),
”(0)_{/22, p(e)_{m (—a <0<y, 2D

u= %[(ﬂ1+#2)+ %(#rm)}, p= %[(p1+p2)+ %(pz—pl)}

Writing (A6 Br<b<a),
T 5o (—a<o<oy. 28
(2.3) becomes (Y +4f1)+20,fF = ¢ = fio(fy +4f2) + 2513, (2.9)
and continuity of velocity and shear stress across the interface requires that
[fI* =0, [@f1'=0 on 6=, (2.10)

Continuity of normal stress at = ¢, is achieved by taking ¢ to be the same for the
two fluids. We shall take the interface to be horizontal ; gravity can then be accounted
for simply by modifying the pressure (and of course, with the heavier fluid below the
lighter, gravity will tend to stabilize the flow).

The constant ¢ in (2.9) will be taken to be large; for the simplest type of velocity
profile (see I), a large value of ¢ corresponds to converging flow with boundary layers
at the walls, R being large and negative. These boundary layers have the asymptotic

structuret
f~ I (@ p) K* " Fy(7),
where e (2.11)

n =P dK(@+0), K=(@ot> L.

T In this two-layer problem, one could obtain an exact solution in terms of elliptic functions,
and then from this derive the asymptotic results (2.11) and (2.25) using standard formulae.
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The constants a,, here are introduced simply in order to avoid carrying multiplicative
factors in the F,,; also the symbols (f,Z,7,7, +) are intended to represent

(fi. A1, P11, — ) OF (f2s flas Pas e, +), a8 appropriate. Outside the boundary layers, the
derivative terms in (2.9) may be neglected so that in each fluid
/t p LS R
~—L 1 ~— B & ,
which we may write as
[~ X by, (f,p) K22, (2.12b)
nz0

where the b,, are known constants. However, for y - o0 (2.11) becomes

S~ T asnlf ) K¥ #nFyp(c0), (2.13)

and, comparing this with (2.12), we see that we may impose the following boundary
conditions on the F,, at y = ©

Fpn(00) = =1, a5, = —byy, (ber * 0),
£y, (00) =0, a,, arbitrary but non-zero (b,, = O).} (2.14)
However, in practice it is usually sufficient (and simpler) to impose instead
Fy,(00) = 0. Clearly —p b ay= i, — 12t (2.15)
Substitution of (2.11) into (2.9) leads to the followmg set of equations for the F,,:
F)=2(1—-F), (2.16)
L(Fyy) = Fi,+4R Ky, = Gy (B By, ... By, ) (0> 0); (2.17)

these are to be integrated subject to the boundary conditions
Fyn(0) =0, Fiy(00) = 0. (2.18)

Recognizing that Fg(y) is a complementary function for (2.17), one can casily
construct the solution

7 £
Foutr) = B [ {1F51 | GuuFydcag 0> 0), @2.19)
and then with G2 — _4170, G4 = 4_4(1 +ﬁ’2)2’ (220)
the first few F,, are found to bet (cf. §5 of I)
Fy(n) = 2—3tanh?® (g + ), (2.21)
Fy(n) = 3(3)t tanh ( + B) sech® (n + ) — 1, (2.22)

F, () = ¥sech? (9 + £) [18 tanh® ( + ) — (89 +3+/6) tanh (n + ) + 2] —1, (2.23)

where f = artanh (3)} ~ 1-146.
Away from the walls, (2.12) gives, in the two fluids,

[10) ~=pTER =Py, foB) ~ =Pt K2 =Pt iy (2.24)

1 A boundary layer with an outgoing wall jet is also possible (see e.g. Rosenhead 1963, p. 236);
here we concentrate on the simpler profile, involving only inflow. Note that the notation for the
Fs differs slightly from that in L.
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Clearly there must be a shear layer near the interface 6 = 0; where viscous effects
are important in the transition between the two ‘outer’ flows (2.24). This shear layer
will have the asymptotic structure

[ PR o(ny) + P i fra(m) +O(K2), gy = ,53/71_%1{(0—01) (@ > 0y),

fl0) =1 .k g - L, el (2.25)
Pa  K2f30(02) + P3 ' fla fao(0a) + O(K™), 7y = pifis* K(O—0y) (0 <0y
Substituting into (2.9) and (2.10) we have at leading order in K
fo=2(1—f%) (=12), (2.26)
with boundary conditions
J10(0) = 0f34(0), ’\éfl’o(o) = O'%féo(o), fro(@0) = fro(—0) = 0, (2.27)
where <\ .
a=<@>, A=t (2.28)
P2 Mo

Without loss of generality we may restrict o by 0 < o < 1, while allowing A to have
any positive value (the case o = 1 was treated in I). Then the appropriate solutions
to (2.26), (2.27) aret

Jio(my) = 2—3tanh® (5, + 0}, faola) =2—3coth? (4, +5,), (2.294a,b)

with the boundary conditions at 6 = 0; requiring that
2—3tanh?f, = o(2—3 coth? g,), (2.30a)
Altanh 8, sech? 8, = — ot coth B, cosech?f,. (2.30b)

Now, for f,, to remain finite in 7, < 0, 8, must be negative, and so from (2.305) g,
must be positive; then (2.30a) shows that in fact g, > .1 Thus we may write

; 4
f= artanh(%) >0, f,= —arcoth(%—2> <0 (I1<b<o™l), (2.31)

and f, and g, are given uniquely in terms of the parameter b which, from (2.30b),

must satisfy
(1-203)0*=3(1-A)b—(2/0) (A—0) =0, (2.32)

a cubic equation that has a unique real root in the range 1 <b < g~!. Clearly if
Ac? =1 (so that u, p, = p,p,) then

_2(1+o0+0?)
T 3c(1+0)

T It might have been expected that f,, and f,, would both be of the form (2.294), involving tanh
rather than coth. However the boundary conditions at 6 = 6, could then be satisfied only for
restricted ranges of values of o and A (see §3); in particular, there could be no solution with A = 1
(unless also o = 1, in which case g, = —f, = o and f,, = f,, = —1). Note that, if we had chosen
to make o > 1, then tanh and coth in (2.29) would be interchanged.

1 This means, incidentally, that fi, < 0 in %, > 0; and, since also f,q < 0 in 3, < 0, the flow is
purely inward, with no outgoing ‘interior jet’ (cf. §3).
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F16URE 2(a, b, ¢). For caption see facing page.
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F1aure 2. Comparison of some exact solutions with the two-term asymptotic results (2.11) (for the
boundary layers at § = +a) and (2.25) (for the shear layer at 6 = ;). The curves are drawn for
the case ¢ = 300 (K = 3-5),a = imand 6, = 0, with(@})A=1,02=1; ) A =1,02=02; (c) A = 01,
a2=02;(d)A=01,02=1;() A =135x1072, g2 =125 x 1073,

if A = o (so that ,uél pii= /4%2 p3i, and the boundary layers in the two fluids are of the

same thickness) then 5
=liroral
1+o+0°

=[]

Also, if 0 = 1, then b — 1 and the solution (6.4) of I is recovered.

and if A =1 (g, = u,) then

At next order we have
fot )" +4fio(fia +1) =0 (i=1,2), (2.33a)
with boundary conditions

M12(0) = 012(0),  AHf1,(0) = 0¥f5,(0), fia(00) = fra(—0) = 0.  (2.33b)
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The solution is

Sia(n) = A, tanh (9, + ;) sech? (9, + 8,)—1, } (2.34)
Sao(n5) = Ay coth (9, + fB,) cosech® (7,+ f,) — 1,
where 4 = atdy(b+1) 4 = Al4,(1+ab)
7 t—ab TP b=t
(2.35)

A, = (%;) (A—0?) [0A(24 ob (b+ 1)+ (AR (2+ b} (1 +0b)]?

(so that, should the fluids have the same kinematical viscosity u/p, then 4, = 4, =0
and the O(1) terms in (2.25) would have simply f;, = —1; however, higher-order terms
would not be constants). To this order of approximation the relation (2.6) becomes

R~—aK2<ﬁ;%+ﬁ;%>+3K{ﬂ% A2 — (B —tanh 8,1+ @t 5;1[2 — B}t + coth 8,1}
—alfn pt + iy ) + 5 L @+ Ay sech? 6,1+ 215 (D= 4, cosech? By}
(2.36)

Figure 2 compares the above asymptotic results (drawn as dashed lines) with the
corresponding exact computed profiles (drawn as full lines), for the case a = i,
8, =0 and ¢ = 300 (K ~ 3-5). Figure 2(a) shows the uniform-fluid case ¢2 = A =1,
together with the asymptotic expansion (2.11) for the boundary layer on 8 = «a.
Figures 2 (b—e) show the modifications to the profile when ¢? and A are changed, figure
2(e) corresponding to an air—water system (A = 1:35x 1072, ¢ = 1:25 x 1073, with
both fluids regarded as incompressible). The values of the Reynolds number predicted
by (2.36) for these cases are respectively R = —16:61, —19-32, —20-99, —16-95,
—150-03, agreeing with the computed values to within 9, at worst.

As one simple application of the results, we can consider briefly the situation
sketched in figure 14 (a) of I —a two-layer flow through a converging duct into a
parallel-sided channel. If the interface is at & = 0 in the converging section, then for
sufficiently large ¢ the fluxes ¢}, and @, of the two fluids are approximately

(Q1.Qu) = —2a(%c)%§{p~;%, by,

so that ¢ = @,/Q, = o~. Downstream in the straight section the depths of the two
layers are in the ratio (1 —H)/H, where H is the solution of (12.16) with ¢ = o7
For example, if 4, = u, (A = 1), then

H= l——sm[larcsin U:l 0O< H<1).

l+o
On the other hand, for an air-water system H = 0-41.

3. Solutions involving interior jets

The leading-order equation (2.26), as well as having the solution (2.29), also has
a solution

Jio(1) = 2—=3tanh® (g, +B1),  fao(ns) = 2—3 tanh?® (5, + B,), (3.1)
provided that there exist real constants £, and g, such that
2—3tanh? B, = 0(2—3tanh?B,), Altanhp, sech?pB; = ogttanh f,sech?p,. (3.2)
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Fioure 3. Sketch of possible jet-like profiles near the interface 6 = 6,, as given by (3.1). Fluid 1
s in 6 > 6y, and fluid 2 in 6 < 6;. A positive value of f corresponds to outflow; away from the
interface the flow is inward, with f tending to the values — g7 YR and — iy Y K2 The interface is
moving inwards in (a) and (f), outwards in (¢) and (d), and is stationary in (b) and (e). The
characteristics of the six profiles here are summarized in table 1.

i 3 i
Defining y, = artanh (H%'b) >0, v,=artanh (2—'3”’> >0, (3.3)
with —2<b<, (3.4)
the possible solutions of (3.2) are
(i) P =" By =7, : 3
.. 5
(i1) Bi=—v1. Ba=—7s (3.5
provided that b is a real root of the cubic equation (2.32) satisfying (3.4). Such a root
exists if and only if 72 +0)
< » = ———F 3 B
A< Ao), Ao) 1720 (0 <1) (3.6)

and, when this condition holds, (2.32) in fact has two relevant roots b, one of which
is negative, and the other either positive, zero or negative accordingas A < o, A =&
or A>oc; if A= A(0), these two roots coincide, at b = —(1+0)~!. In the range
0 < o <1, the function A(¢) increases monotonically from 0 to 1, and satisfies
o< Ag) < ab.

So, (3.1) can be the leading-order solution only if (3.6) is true; and then, for given
o < 1and A <A, (3.1) actually represents several different profiles, since in general
there are two possible values of b, for each of which there are two possibilities (3.5).
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Maximum  Correspond-

Sign of of ing diagram
B, and g, Zeros of velocity velocity in figure 3
+ Me=B~Ye, Mm=—F—Ys Mm=-y (a)
b>0(y, >y, >f>0 z 2 2 t T 2
V2> 71> 8 ) {_ m=v+h m=v.—F =" N
- = + Mm=71=0, 7,=-28 Py =—p (b)
b=0 = = 1 2 2 P
"=7%n=8 {_ "=7=0 =28 n=>4p (e)
+ M=B=Yy Mm=—F—y: Pp=-—y ()
b<O0(f>v,>y,>0 1 1 2 o 2
F>r1>7:>0) Uz m=F+y m=v—B g=y (d)

TaBLE 1. Characteristics of the profiles (3.1); the qualitative appearance of the profiles depends
on the sign of (A, o) (the solution of (2.32) satisfying (3.4)) and on the choice of sign of 8, and 8,.

In each case the velocity profile involves a single outgoing ‘interior jet’, the solution
(3.1) having two zeros between which f; is positive (with a maximum value f, = 2).
When b > 0, the jet is wholly within one or other of the fluids, but when b < 0 it
straddles the interface (which therefore moves with a positive, outward velocity);
when b =0 (A = o) the interface is stationary. Figure 3 shows sketches of these
various possibilities, and some details are summarized in table 1.

The asymptotic expansion may be continued as in (2.25). At O(K?) the f;,, again
satisfying (2.33), are

Sia(m) = By tanh (9, + f,) sech® (y, +ﬂl)—1,} 3.7)
Saa(m2) = Bytanh (3,4 8,) sech? (,+ B;) — 1,
where .
B _otBy(b+1) B—— AiBy(1+ab)
1™ d—0ob T2 b—1
(3.8)
with 27

B, =+ (;)2 (A—0?) [Aa(1 4+ b) (24 ab)t— (Ac)} (14 ab) (2+b)H] 1,

here the + sign corresponds to choices (i) and (ii) respectively in (3.5).

Perhaps it should be said that the shear-layer solutions obtained earlier (§2) seem
more ‘fundamental’ than those considered here, in that the earlier ones can (in
principle) occur for any values of A and o, and also are simpler, having no stationary
points and no positive jets. We may also mention that there can be no shear-layer

solution of the form

Jio(m) = 2—3 coth® (9, + 1),  fao(ns) = 2—3 coth?® (9, + f,),

since this would require that £, >0 and g, <0 (for the velocity to be finite
everywhere), whereas the boundary condition (2.275) would require 4, and S, to have
the same sign.

4. Continuous stratification

In the two-layer problems considered above, the outer solution (2.12) is a constant
in each fluid, and so the corresponding velocity (2.2) represents a potential flow —
vorticity is generated only at the (plane) boundaries and interface, and is then
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confined to regions near these special planes. If, however, the density varies
continuously with 6 (and dg/d6 is non-zero) then constant-pressure surfaces do not
coincide with constant-density surfaces, and vorticity is generated throughout the
inviscid stream. Therefore at leading order the outer flow — the solution of the inviscid
JH problem — is rotational, with

flO) ~—K2[p(O)1~% K= @Ge)i>» 1. (4.1)

This form for f does not satisfy the no-slip condition on @ = +a, and there must again
be boundary layers at the walls. We may analyse these boundary layers by first
changing to new variables ¢ and 5, which we define by posing

f0) = KmP©O)p(n), n=K"H(©®), (4.2)
where H(0) is to be an O(1) function of & satistying H(—a) = 0 (for a boundary layer
on # = —a), and the exponents m and n are constants. On substitution of (4.2) into

(2.3) it becomes clear that appropriate choices are m = 2, n = 1 and

o= [ penEeriE Pe = Eon «3)
then the JH equation (2.3) becomes, with no approximation (but provided ¢ > 0),
¢"—2(1—-¢p?)=—K L, ¢'— K 2L, ¢, (4.4)
where L, = ﬁé%%), L= %I; + %%%+4ﬂP, P=pt (4.5)
We may now seek a regular expansion
(1. K) = go(n)+ Ky (m) + ..., (4.6)
which when substituted into (4.4) leads to the equations
$o = 2(1—¢3), (4.7)
L(Pn) = ¢£+4¢0 $n=Tu(n) (n21) (4.8)
(cf. (2.16) and (2.17)). By the no-slip condition on 8 = —a, the ¢, must satisfy
$.(0) =0, (4.9)
and, continuing the outer expansion (4.1) in the form
f~—Kpt—1L,57%, ¢ ~—1—3K2L,, (4.10)
we see that the appropriate conditions at large # are
do——1, ¢$,20, d,~—1L, as 75— 0. (4.11)
The function ¢,(y) is clearly identical with the F(7)in (2.21), so that at leading order
f(6) ~ K2[p(6)]-}[2—Btanh? (+ B)]. 7 = KH(©). (4.12)

Figure 4 is a sketch of the sort of profile predicted by this solution. For higher orders,
the solution of (4.8), (4.9), (4.11) may be written down as in (2.19). At O(K) we have
I', = — L, F;, which suggests that it would be convenient to replace (4.6) by

P, K) = ¢oln)+ K7Ly (1) + .5 (4.13)

then ¢, satisfies ZL(¢)=—F, ¢:(0)=0, ¢(x0)=0, (4.14)
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0=«

“ Boundary layer
y onf=—«a

1
onf =a

fo)F A

Inviscid solution

1(8) ~—K2[5(8)]%

F1oure 4. Sketch of a velocity profile at large ¢ when there is continuous variation of density (and
viscosity). Away from the walls, the profile is the inviscid rotational solution (4.1), and near each

wall there is a boundary layer of the form (4.12).

so that
Yo = 342tanh (7+8)—5tanh? (3 + f) —Le 21 +A)
—(59+12—3+/6) tanh (p + ) sech? (+ ). (4.15)

Terms at higher order can similarly be found.
If, exceptionally, fi2/5® is constant (with i = p,p?, say) then L, = 0, ¢, =0, and
(4.16)

[y =—Ly(0) Fy(m), Ly = —3p0(p" —8pP).
In that case the second non-zero term in (4.13) is O(K?%):
@ ~ Po(n) +1K2Ly(6) Fo(n), (4.17)

where F, is as in (2.22). An even more exceptional case arises if 7 and g vary with
(4.18)

0 i h that
in such a way tha L6) =0, Ly®)=0:
then the exact JH equation (4.4) becomes
¢" = 2(1—¢?), (4.19)

and the expansion (4.6) for large K terminates with ¢, (i.e. (4.12) is valid at all orders,
corrections to it being o(K¥) for any N). However, the functions j(#) and () that

satisfy (4.18) are rather special:
p(0) = pycosh2v/2(6—0,), f(0) = uo[p(O)1. (4.20)
Here p,, g, and 6, are constants, only one of which is independent, since the
normalization conditions (2.1b) require that
. 2\/2 a _ %ja 2
pocosh2+/26, = Snhov2a 20 = p, pt . [cosh2+/2(0—6,)]:d6. (4.21)
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